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Abstract

In this short review is introduced the elementary theory of collecting Langmuir probes
in spherical and cylindrical geometries. The classical results for either repelled and at-
tracted charges are deduced and the different approximations and limits of application
are discussed with special insight in laboratory and practical applications. The principles
and operation modes of emissive Langmuir probes are also discussed and also an updated
bibliography is provided for further reading.
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1 Introduction.

The Nobel laureate Irving Langmuir made outstanding contributions in different fields of
Physics during the past century. He coined the term plasma in relation to the physics of
partially ionized gases and also invented the Langmuir probes to measure the electron plasma
density n., the space potential V;, and the electron temperature KgT, in cold low density
plasmas.

These Langmuir probes are one of the different
electric probe diagnostics that are employed today. In or
a broader sense, the electric probes measure the local P

Exposed to the plasma

plasma parameters by using stationary or slow time P — 2 M
varying electric (and/or magnetic) fields to emit or L |~ |
to collect charged particles from the plasma. These aa
measuring techniques constitute an active field of re- --—--——-fl------..__J§ &
search and are particularly well suited for low density
cold plasmas, as low pressure electric discharges, iono- (c)
spheric and space plasmas.

The simplest collecting Langmuir probe is a metal-
lic electrode (as those of Fig. 1) with a well defined ge- To the external connectors
ometry (planar, cylindrical or spherical). The probe is ] Metal or B Electrical
immersed into the plasma and polarized to the poten- conductive material insulator

tial V}, by an external circuit. This biasto V' = V-V,

the probe with respect to the local space plasma po-  Figure 1: Collecting Langmuir probes
tential Vi,. Then, the drained current I, = I(V}) with radius r, and (a) spherical, (b)
for different probe potentials V}, is monitored and the cylindrical and (c) planar geometries.
plasma parameters are calculated from this voltage -

current (IV) characteristic curves.

However, behind this apparently simple scheme are hidden the intricate theoretical and
practical problems involved in the charge collection processes from a plasma.

The plasma parameters are deduced from the

current [, which, in accordance to the bias volt- Cathode Anode
age V =V, — V, is composed of ions, electrons Plasma electrons ——=

or both. The attracted charges are collected by column Pe <— ions
through the electric field between the bulk plasma

and the metallic surface of the probe. This unde- l lgis —~ (L7
termined spatial potential profile extends in the W= | V
plasma along distances in the order of few Debye Rp Ip P
lengths A\p and is denominated plasma sheath. In " ———/ N\ T I i

addition, this local electric field also may be al- ) Viie

tered according to the magnitude of the current

Ip collected. Figure 2: Scheme of the of the circuit for

Therefore, the charge collection process de- probe measurements in a glow discharge.
pends on different characteristic lengths, as the probe size 7, and the thickness (or spatial
extension) of the plasma sheath attached to the collecting surface, which related with Ap. In
magnetized plasmas the electron r, and ion r; Larmor radius also introduce additional lengths,
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as well as the mean free paths A for collisions between electrons and/or ions and neutral atoms
in collisional and weakly ionized plasmas.

The disparity between these magnitudes, that may differ by orders of magnitude for the
different plasmas in nature and/or in measuring systems, leads the theory of Langmuir probes
unfortunately incomplete. In fact, no general model is available relating the current voltage
curves I(V,) with the actual plasma properties under all possible physical conditions.

For unmagnetized Maxwellian plasmas the simplified theory developed by Langmuir and
Harold M. Mott-Smith in 1926 allows under ideal conditions to determine the plasma potential
Vsp, electron temperature KgT, and density n. ~ n;. The interpretation of the measurements
outside the narrow limits of this simplified theory is difficult and many points still remains
obscure.

The idealized situation where the simplified the-

| Anode ory strictly applies is seldom found in the experiments
dc_ JCathode Plasma of interest. However, even in these situations where
l ‘/; | p different drifting populations of charged particles are
Ve = foms present or under intense magnetic fields the electric
-~ P
probes may provide valuable information.
electrons
| Vv The reader will find these notes as incomplete be-
d'sj L P cause they only cover a limited number of topics on
A P u— Langmuir probe theory. The fundamentals are intro-
Viis lp duced with a detailed deduction of the relevant ex-

- pressions, however, they do not intend to replace the
excellent monographs and reviews existing in the lit-
erature 1, 2, 3, 5]. Our aim is to facilitate to our
students an starting point and more involved models
are left for further readings.

Figure 3: Scheme of the of the circuit
for probe measurements in a plasma
produced by thermionic emission of
electrons.

2 Qualitative description of collecting current voltage curves.

The Figs. 2 and 3 represents the two simplest measurement circuits using collecting Lang-
muir probes in experiments with cold weakly ionized plasmas. The first case is a glow dis-
charge plasma into a glass tube (or other gas evacuated vessel) with typical pressures between
1072 — 10? mBar. The electric discharge is produced by applying a high DC voltage Vi,
(between 300-600 Volts or more) and the corresponding discharge current Iz is in the range
of 0.1 — 100 mA. The physical properties of the glow discharge and other electric discharges
are discussed in detail in Ref. [3].

In the scheme of Fig. 3 the wires heated up to red glow by a DC current [} inside the
vacuum chamber to produce the thermoionic emission of electrons. These electrons are later
accelerated by a discharge voltage Vg, ~ 20 — 80 Volts, over the first ionization potential of
the neutral gas, and cause the electron impact ionization of the neutral atoms remaining in
the vacuum chamber. In this case, the discharge current I may reach several amps and
additional permanent magnets (not shown in the picture) are frequently disposed around the
plasma chamber. This confines the electrons and enhance the local ionization.
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In both cases, the probe P is immersed at a given point within the plasma biased to the
electric potential V,, with respect to a reference electrode. The anode of the discharge is used
in Figs. 2 and 3. However the cathode or the grounded metallic wall of the plasma chamber
could also serve for reference electrode in other situations.

In the following, we will refer to a general probe as

Probe A Vo<Vg, | V>V, those of Fig. 1 with a characteristic length r,. We will
current | specify if the probe is either, spherical, cylindrical or
los=Ip(Vep) -~ | planar only when geometry dependent properties are
| relevant.
|
| The current-voltage curves (IV) are obtained by
} measuring the drained current I, by the probe for each
- — ] _» bias potential V), and Fig. 4 represents an idealized
___@._//4’—1 | Vp (Volts) voltage current (IV) curve.
I ‘ !
s Y Vo= Ve ViV In order to give a qualitative interpretation we

will consider an idealized non equilibrium collision-
less, Maxwellian and unmagnetized plasma. Thus, the
tained with a collecting Langmuir probe collisional mean free paths of all particles are larger
in a cold plasma. than all characteristic lengths (A > 7,,Ap) and also
the electron temperature KgT, > KpgT; ~ KT, is higher than those of ions and neutrals.

Figure 4: An idealized IV curve of ob-

The potential V), in Fig. 4 corresponds to the electric potential at the point of the plasma
where the probe is inserted. The collecting probe do not emit particles, and in accordance to
the potential V),, the drained current I, = I; 4 I. from the plasma is composed of an ion I;
and electron I, currents.

For very negative bias voltages V,, < Vj, (at the

left of point A in Fig.4) the electrons are repelled, Electrons
while ions are attracted by the probe. The drained VSP Jlons i
ion current from the plasma is limited by the electric | o V
shielding of the probe and I, decreases slowly for very _ u bullc plasma
negative V), < Vy,. The current I, ~ I is denomi- % Plasma p‘”;’f’”“a'
nated ion saturation current. 5 spatial profile
In the opposite limit (voltages at the right of point Vo = T oheath

C in Fig. 4) where V), > Vj,, the ions are repelled and
the electrons are the attracted charges. In this case
the electrons are responsible for the electric shielding
of the probe and I, ~ I, is called the electron satu-
ration current. The bias potential Vi where I, = 0
is the floating potential (point B) where the contribu-
tions of the ion and electron currents are equals.

r=rp r=rg r

Figure 5: Radial potential profile at-
tached to an ion collecting metallic sur-
face.

The situation where V), < Vj,, is shown in the scheme of Fig. 5 only an small number of
electrons have energy enough to jump the potential barrier of V,,. The ions are attracted to
the probe and a layer of negative space charge (negative sheath) develops for r < ry attached
to the metallic surface.

The potential drop from V), to V, and the perturbation caused by the probe electric field
is concentrated within the space charge layer around the probe, decreases asymptotically in
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the transition to the unperturbed plasma. The Fig. 6 represents the opposite situation with
Vp > Vi, where the attracted particles are electrons and again the negative sheath for r < r
connects the space potential of the unperturbed bulk plasma with V,.

This effect is quite similar to the plasma polariza-
tion around a point charge where the spatial fluctua-

Vp sheath | tions of the plasma potential,
' Plasma potential
B : spatialpprofile 0Vp ~ (1/r) X exp(=r/Ap),
g that exponentially decreases with the radial distance.
g Thus, the thickness of the sheath in Figs. 5 and 6
3 and therefore, the perturbation over the distance r,
VSp 1 introduced in the plasma by the probe is restricted to

- a few Debye lengths 1.

The vertical doted lines in Figs. 5 and 6 represents
the external surface of the sheath r¢ around the probe.
tached to an electron collecting metallic Thi.s boundary is not accurately determinfed and is tl}e
surface. limit beyond the plasma could be considered again
quasineutral and electric field free. The electrons (or ions) are brought from the bulk plasma to
this boundary mostly by thermal motion. This factor determines the flux of charged particles
crossing the radius rg > 7, towards the probe.

Figure 6: Radial potential profile at-

Therefore, the attracted charges are collected over the surface defined by rs which could
not be precisely calculated without solving the Poisson equation to determine V(7). This will
be a key point for attracted particles which enter in the plasma sheath over a surface with an
undetermined radius 75 > 7p,.

Figure 7: A cylindrical probe operating in a glow discharge plasma (left) and a closer view for large
posive bias (right). In weakly ionized plasmas, this glow is produced for V}, > V5, by the inelastic
collisions between neutral atoms and attracted electrons in the sheath.

The plasma sheath formed by attracted electrons can be visualized in a weakly ionized
plasma by the bright glow surrounding the cylindrical probe in Fig. 7. Because of the large
neutral gas atom density, the inelastic collisions of neutrals with the accelerated electrons in
the sheath produce the emission of light. The large electron currents heat the probe and this
fact is also used for probe surface cleaning.

'The structure of the ion sheath is discussed in detail in Sec. 8.2 pp. 290-295 of Ref. [4].
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On the contrary, the repelled charges with thermal energy enough to overcome the potential
barrier and to reach the probe are collected over its surface. The drained current I, of attracted
particles (for either V,, > V;, and V,, < V) becomes therefore weakly dependent of V,, as
shown in Fig. 4. This saturation process by attracted particles is in the origin of the currents
I;s and I.s which are respectively the ion and electron saturation currents.

The electrons are repelled for probe bias

Vp — Vsp < 0 below the local plasma poten-

tial. The Fig. 8 represents the fraction of
2 collected electron with energy enough to reach

Ne® g E,>—e(V,~ V) >0 the probe because of the finite electron tem-
é Collected perature KpT, of the Maxwellian energy dis-
g ollecte a0
e + electrons tribution.
The number of electrons with energy,

E=0 Electron energy E
V)  E,=—ev,>0 E=—e(Vy— Vi) 20

that reach the probe increases as the bias
Vp — Vip with respect to the bulk plasma de-
creases. This fact explains the abrupt grow-
ing of I, in Fig. 4 between B and C which is strongly dependent of V,, contrary to the current
saturation processes (over point C' and below B). This part of the IV curve is frequently
denominated electron retarding field because the probe bias V), repels a fraction of electrons
from reaching the probe.

Figure 8: Electron collection process in the re-
tarding field region (curve BC) of Fig. 4.

Finally, when V,, = Vj, no sheath develops around the probe and the charges reach its
surface because of their thermal motion. Thus, the probe collects the thermal flux of both
electrons I'c 71, and ions I'; 75,. In consequence, the probe biased at the space plasma potential
drains an electric current from the plasma even in the absence of potential difference between
the conductor and the surrounding plasma.

The thermal flux of electrons (o = e) and (o = e) ions is given by,

1 [(8KpT,\'?
Foz,Th = Zna

T M
and their density currents are, I, 74 = o I'a, 7. Because, m; > m, 1 and KT, > KgT; on

practical grounds,

Iern
Iy =Icrh+ Lirn = IeTh (1 + Ie—> ~ I.Th
i,Th
and therefore, the current I,(V},) in Fig. 4 is equal to the electron thermal and saturation
currents Ip(Vp) = It = Ies > Iis.

The next step is to calculate the plasma parameters from the IV curve fitting obtained
in the experiments. This requires of physical models relating the drained current I, with the
energy distribution functions of charged particles. Unfortunately, because of the wide range
of plasma densities, temperatures and characteristic lengths the results are quite unrealistic if
the wrong model is employed.
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3 The simplified theory for collisionless unmagnetized plasmas.

The simplest model relating the plasma properties with current voltage curves was formulated
by Langmuir and Mott-Smith and is valid for unmagnetized collisionless Maxwellian plasmas.
The following formulation of the theory essentially comes from Ref. [5] and these calculations
rely on some assumptions that apply to most of nonequilibrium laboratory plasmas.

1. The bulk plasma volume is considered as infinite, stationary, homogeneous
and quasineutral n, ~ n;.

2. Electron and ions have Maxwellian distributions of velocities and the kinetic
temperature of the species are KT, > KgT; ~ KgT,, where a = e,i,a
represents respectively electrons, ions and neutral atoms.

3. The collisional mean free paths of electrons ). and ions \; are larger than r,
and A\p.

4. The charged particles that reach the surface of the probe do not chemically
react with the probe material, are always collected and contribute to the
probe current I(V},).

5. The perturbation introduced by the probe in the plasma is confined to a space
charge sheath with a well defined boundary. Outside this sheath the space
potential is assumed uniform in the bulk plasma.

6. The sheath thickness d < ry, is small compared with the characteristic probe
dimension and therefore edge effects may be neglected.

7. The potential around the probe preserves the symmetry (spherical, cylindrical
or planar) and V(r) is a monotonically decreasing (or increasing) function
between the sheath edge and the probe surface.

First of all, we will consider the motion of a charge g, (o = e,7) of mass mg, located at the
radial distance r with initial speed v. This particle moves close to a cylindrical or spherical
probe and we will use in the following e = |e| > 0, then ¢, = —e for electrons and ¢; = +e for
ions.

The bulk plasma is considered as stationary and uniform in space (see previous points 1,
3 and 5) and the plasma potential takes an uniform value V;,. For the a radial distance r the
electric potential with respect to this undisturbed plasma is ¢(r) = V(r) — V;, and the probe
potential is ¢, = V(1)) — Vip.

It is of worth to recall that the plasma potential profile around the probe ¢(r) = V(r) — V)
remains undetermined. The only requisite (see previous points 5, 6 and 7) for the sheath
potential ¢(r) is to be a monotonic function decreasing or increasing fast enough close to the
probe surface as in Figs. 5 and 6.

Two different situations arise, the charge ¢, could be repelled by the retarding electric field
around the probe when g, ¢(r) > 0. For electrons corresponds to the BC' part of the IV curve
of Fig. 4). On the contrary, the particle may be also attracted by the accelerating field when
da ¢(r) < 0 (in Fig. 4 the parts AB for ions and C'D for electrons).
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3.1 Spherical probe

In the case of the spherical probe, the motion of a single charge is restricted to a plane
defined by its velocity v and the plane of symmetry of the sphere. As in Fig. 9, the speed
v = vy + v has two components v parallel and perpendicular v, to the radial direction
e,, normal to the probe surface. The charge that reaches the probe surface r, with speed
v = |+ v’} comes from the radial distance r > r, with the initial velocity v.

In the absence of collisions the energy of this
particle is conserved,

m, m 2 2
o)+ 1oV = 2 )

and also for the component of the angular mo-
mentum perpendicular to the plane of Figs. 9
and 10,

Figure 9: The scheme of the spherical probe
and the components of the charge velocity.

rvl:rpvﬁ_ and, V| =—uv|

Setting ¢, = V,, — V,, we have,
2 "’ (I)
2 i
v/Q:vﬁ—i—vi(l—:)—ﬂ%ZO 4\

In order to be collected v" > 0 and this relates the mag-
nitude of the angular v, and radial v components of the
velocity of collected charges,

Uﬁ - 2C.7a¢p/ma
(r/rp)? —1

As shown in Fig. 10 the components of the speed are,
v = v sin ¢ and v = v cos @,

vig

v? cos? p — 20 dp/Mma
(r/rp)* —1 Figure 10: The  velocity
v=wv+vy of the charge
From this expression we obtain the maximum allowed angle crossing the surface element dS
©m of the particle velocity v with the radial direction e, placed at the radial distance 7.
of Fig. 10 for the distance r,

2 2
r 2 r
sin? @, < T—Z (1 - (Ja¢p> = r_g (1 - %_;%) (1)

M V2

v? sin? @ <

This latter depends on the radial distance r to the probe and the ratio between the electrostatic
energy (go¢p) and the initial kinetic energy E of the incoming charge.

The key point of collecting Langmuir probe theory is to relate the energy spectrum of the
attracted or repelled particles with current drained by the probe. Therefore, in order to relate
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I(r,) with the plasma properties, instead of a monoenergetic charged particle, we consider a
velocity distribution function fa(v). Then, for each charged specie in the plasma,

dng = nao fo(v) dv

represents the number of particles by volume unit of the specie o with velocities between v
and v + dv. The above distribution function f,(v) is normalized to,

+o0o
/ fa(v)d3v =1

—o
and ng, represents the density of particles of the specie « in the undisturbed bulk plasma.
3.1.1 Repelled particles
For repelled particles go¢, > 0 and positive values of Eq. (1) require the kinetic energy of

charges £ > qo ¢p, also r > 1}, for sin? ¢ < 1. Therefore, the probe collects over its surface
only the repelled particles with energy enough to overcome the potential barrier.

Because of the symmetry, the current density dj(r) over dS in Figs. 10 and 11 of charges
attracted or repelled by the spherical is parallel fo e, and,
(dj)) = dj = gav)dnq

The details of the integration over the surface dS are in Fig. 11, and using dv = v? sin ¢ df dep dv
we have,

dj = (ganao) (v cos p) v? sin ¢ fo(v) dv df dp (2)

Now, we make an important assumption: the velocity distribution function is isotropic, only
depends of the energy of particles, f,(v) = fo(|v|), we obtain,

e’} 2 ©m
J(r) = (gamao) / 03 fo(v) dv / do / sin ¢ cos @ dyp
Um, 0 0

For repelled charges (go¢, > 0) a minimum initial energy (or speed) mv2,/2 > qq ¢p is
necessary to overcome the potential barrier around the probe. Therefore,

J(r) = (ganao) ™ /OO v?’fa(v) sin? @, dv

Um,

and sin ¢, is eliminated by using Eq. (1),
. - Tzz) o 3 1 244 9p d 3
J(r) = (danao) ™ ) v° fa(v) E—Y v (3)

V 2qa¢P/ma mav2
This last expression only depends on the particle velocity v and decreases with the radial
distance. In the absence of ionizations and charge losses for r > r, for particles with v > vy,
the probe current is, I(r) = I(rp) and I(r,) = (47r?) j(r) and finally we have,

10
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I(Tp) (qanao) 7Tfélsph TR Ugfa(v) <1 — 2QO¢¢p> dv (4)

where Agpp, = 4777"5 is the area of the spherical probe.

The Egs. (3) and (4) are usually are made dimensionless using the thermal speed,

2KpT,

me

C =
where KpT, is the kinetic temperature of the specie a. The
scaled velocity is & = v/c and 4y, = \/(JASp with qAﬁp = q¢p/KBTy.

This dimensionless probe potential compares the electrostatic
(e¢p) and thermal (KpTy) energies of particles. Thus,

§(r) = (gamao) T c* <7°2> /\/¢_ @3 fo (1) < gbp) dia  (5)

The above integrals could be evaluated for the particular

Figure 11: The angles con-
sidered over a surface element

dS in Eq.(2). case of the Maxwell Boltzmann velocity distribution function,
1 ﬁQ
9 = — - 6
f(U) 7T3/2 3 e ( )
Using,

o) ~2 —42
a2 s, e Um
e ™ [1-— ~ di =
B, U 2

we obtain a simple expression for the current of repelled particles,

i) = 925e2 v exp (o200 ) ")

where Vi, = (8K 5T, /mmea)"/? and also,

do Nao Asph

i) = Bt oy (

1oV Vo) .

KBTa

This exponential growth of the current is in accordance with the expected response for electrons
of the ideal probe along the segment BC in Fig. 4. When the probe is biased at the local
plasma potential (V), = Vy, or ¢, = 0) the current collected is the random flux of charges to
its surface,

Ga Nao A

1(Vy) = === Viy (9)

11



Dept. Fisica. E.T.S.I. Aeronauticos. Universidad Politécnica de Madrid

3.1.2 Attracted particles

For attracted charges setting go¢p = —|ga¢p| < 0 in Eq. (1),

2 2
r 2 T
sin? om < 7“_]; <1 + M) _ P (1 + ’%Abp’) (10)

Mo V2 72 E

Thus, the behavior of the particle orbits depend on whether the initial particle velocities are
smaller or larger that a certain velocity vs defined by the radial distance,

|q(1¢p|

Te =T1pA/1+ I3

which is 75 > r), for E > 0. For a fixed (and at this point undetermined) value of r the speed
vs from Eq. (10) is,
vg _ 2 |gadyl
ma(rg/ry —1)

that defines the energy Ey = m,v2/2 leading sin ¢, = 1 in Eq. (10).

The radial distance 7, that could be identified with the sheath threshold of Figs. 5 and
6, and cannot be precisely determined at this point without solving the Poisson equation to
determine the plasma potential profile ¢(r) around the probe.

Therefore, for r = 7, the particles with E < Ej are collected because the Eq. (10) is always
satisfied. The radial distance rs plays the role of threshold radius for the particle orbits and
the motion of the charges to the probe is said sheath limited. For v > v and r = rs only those
particles with sin? ¢ < 1 are collected while others orbit or their trajectories bend around the
probe. The motion of the charges is said to be orbit limited.

For accelerated particles the current density dj”(r) going into dS in Figs. 10 and 11 is
composed of two terms, dj(rs) = djsi(rs) + djoi(rs) according to the velocity of the incoming
charges with,

Vs 27 T
Jsi(rs) = (qanao) / v?’fa(v) dv / do / sin ¢ cos p dyp
0 0 0

also,

2T ©m
jol(rs) = (QQnao) / 3fa / do / smgp COSnggD

Vs

After the integration and using Eq. (10) for sin®p,, we have,

J(rs) = (qatia) ™ [ | rwan + (—) [ ) (1+225) dv] (11)

As before, the probe current is I(rp) = 4772 j(rs) and then,

I(rp) = (qamao) ™ [(zmg) /0 U (o) do + (4mr2) / OO 0 fu(v) <1+M> dv} (12)

M V2

12
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Now, in order to calculate the final result for particular case of the Maxwell Boltzmann
distribution (Eq. 6) we introduce the equivalent dimensionless expression to Eq. (11),

where s = vs/c. Then,

s ) 2\ e .
j(?as) = (qanao) \/LE [A ﬁ3 e—u2 dis + <r_]2)> / a3e_u2 (1 + ‘(5—12)‘> dﬁ]

and using the integrals,

. 1 s o 2 = ) .
Ilra) = (Ganao) 7 S [/o i iy <_> [ wst (1 -

S

this leads to,

2 2
C T ~
. _ 1 -4z p 1 ~2 /(D 1 b
J(rs) = (ganao) NG +e <(Tg )+ (Tg )+ 7“3 ‘(bp’
The final expression is,
. C TIZ; 7,&2
J(rs) = (ganao) m 1+ (ﬁ —1)e™" (13)
S

and the collected current coincides with the Eq. (29) of Ref. [5],

(14)

3.2 Cylindrical probe

The scheme with the motion of particles in the cylindrical geometry is represented in Fig. 12
where we assume the probe with a length L > r, much larger than its radius. As for the
spherical probe, the velocity at 7, is v’ and v at the radial distance r > r,. The speed v,
along the Z axis is constant and the Fig. 10 also applies for the component v| = v, + vy in
the plane P perpendicular to the probe axis with v = v (compare with Fig.12). Therefore,
(o + 0 +02)

m m
— (W 0+ %) — dady =

13
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The component L, of the angular momentum is conserved,
L= = ! d vg=_"
=rAv| , Tvy=TpvUg an ’Ug—r—vg
P

and again we deduce a relation between the radial v, and angular vg components in the plane
P

U% — (a ¢p/ma > vg
CI-EE

As for the spherical probe in Fig. 10 we have, vy =
v, siny and v, = v cos,

2 2
sin? g, < -2 (1 - q‘“‘@”) (15)

(1) but only Figure 12: The geometry for the cylin-

This is the equivalent condition to Eq. :
drical probe.

involves the component of the velocity v in the plane
P instead of v = \/vi +v2 as for the spherical probe. Again, two different situations arise
for attracted and repelled particles.

3.2.1 Repelled particles

For repelled charges (qo ¢p > 0) in Eq. (15) the particles require of a minumum speed
m = /2 qa®p/Mq to reach the radial distance r,. In addition, the maximum allowed value

for ¢ is,

2qa pr

mavi

singp = :|:—T 1-—
m
r

The current density over the surface element dS of Fig. 10 in the direction of the cylindrical
probe is again,
dj(r) = ga vr dng = (gaNao) (V1 cos @) fo(v)dv

with dv = dv dv, therefore dv = v; dy dv) dv,. Now, assuming again that the normalized
energy distribution function is isotropic and that could be written as fo(v) = fo1 (v1) faz(vs)
the current density becomes,

00 +om +oo
dj(r) = (¢amao) / vi fra(vy)dvy / cos ¢ dp / faz(vy) dv,

vl —Pm —o0

After the integration and using Eq. (15) we obtain,

3(r) = 2 (gamao) / \/ 2%% fia vy ) dvy (16)

and the collected current is calculated as I (2nrL) g
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0o 2 o
I(rp) = 2 Ayt (ganao) / vi (11— nj ;gp fra(vy)dvy (17)
Vlm av |

where A.,; = 277, L is the surface of the probe.

For the particular case of the Maxwell Boltzmann
distribution (Eq. 6) using the dimensionless velocity
@ = v, /c as before,

. o [ o g2 ¢§p N
3(r) = 2(gana0) = e 1-—=di
T B, U

P
and in this case,
- -
9 g2 by . \/7_1' a2
Figure 13: The velocity v =v, + v, / e 1_§du276 i
of a charge over the surface element ds o
placed at the radial distance r. The final values for the current density at the radial
distance r is,
. 7n]o (QOznozo) ‘/th <A ) 7n]o (QOznozo) V;Eh QG¢p
_r — _p Haltao) Tih 18
i) = @) = T e e (18)

and the current collected by the probe is,

altao V Ac « - Vs

I(r) =
(Tp ) 4 KB Ta

Thus, for a Maxwellian plasma the current of repelled particle for spherical and cylindrical
probes only differ by a geometrical factor, Agp, or A.y. Again, when the probe is biased to
the plasma potential ¢, = 0 and collects the thermal flow of particles,

allao Ac
1(vy) = eleo et

3.2.2 Attracted particles

For attracted charges g, ¢p < 0 and the Eq. (15) becomes,

r 2
sin? p = 2 (1 + 7|q°‘¢2p|> (20)
r

My

which defines the radial distance ry > r, and the critical speed v ;. According to the velocity
of the attracted charges, as for the spherical probe, the radial component of the current density
at the distance ry is the sum dj(rs) = djs(rs) + djor (1) of the sheath limited and orbit limited
parts . In this case using v, = v, cos ¢ and,

(dj), = dj(rc) = ga vy dng = (gaNao) (V1 cos @) fo (V) dv
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Assuming an anisotropic velocity distribution function, with the details of the integration as
indicated in Fig. 13,

Vs s —+00
jsl(rs) = (QQnao) / vifai(vi) dv / COSQDdSD / faz(vz) dv, (21)
0 -7 —0o0
and,

00 ©m +o00
jol (Ts) = (qanao) / Uifozi (vi) dvi / COos @ dSD / faz (Uz) dvz

Vls —Pm —o0

Using the Eq. (20) the integration leads to,

. Uls r o0 21qa
J(re) = 2 (damia) / 02 far (1) dv1 +(ganas) 2 / o 1+ 280l oy, (22)
0 s Ju,. mavy

The corresponding current is I(r,) = (27 rs L) j(rs). Because of the cylindrical symmetry,
this last equation involves the two dimensional velocity distribution function fo,(vy). The
dimensionless Eq. (22) with 4 = v, /e is,

. 2c s ) e T [T N ’ép’ N
Jrs) = (danao) — |2 U for (0)da + — U fou () +—5 di
T 0 rs Ja, U

and for the particular case of the two dimensional Maxwell Boltzmann distribution,

faa(t) = 2w

e

92 Us %) . 7
j(rs) = (Qanao) = / fﬁe*”Q di + - a’ equ \/ 1+ @ di
T 0 Ts Qs u

The values of these integrals are,

we obtain,

Gis 1 )
/ a2e™ diy = T [—2 ag e 4+ /7 Erf(as)}

\/TW + Y- e‘%‘ Erfc(\/M)

where Erf ( ) and Erfc(z) are the error and the complementary error functions. After some
manipulations we obtaln,

§0) = Jaua) Vi [Bit(a0) + 72 & Brte(y/ 3+ 16,1 23

and also for the current I(rp) = (2¢rs L) j(rs),

Flry) = 252 (i) Vi |2 Bt + £ Brte(y/ 3 + 16,1 (21)
p

A2 —u dii
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3.3 Approximations

For the particular case of the Maxwell Boltzmann velocity distribution the the results (Egs. (7)
and (18)) are equivalent and independent of the geometry of the probe for repelled particles.
On the contrary, for attracted charges are different the Eqs. (13) for the spherical probe and
Egs.(23) for the cylindrical geometry 2.

In addition, the above results for accelerating fields contains the radial distance r; that
could be identified with the sheath edge. This distance would mark the threshold between
the bulk unperturbed plasma and the plasma sheath, as indicated in Figs. 5 and 6. In fact,
such radius is undetermined as well as the plasma potential drop ¢(r) around the probe. This
calculation is complex and involves Poisson equation for the electric field around the probe,
which is also influenced by the local spatial charge distribution in the sheath.

Therefore, some approximations are required to eliminate rs from the above expressions
for attracted particles. They compare the probe radius r, with the radial distance rs of the
sheath limit. The thin sheath approximation corresponds to rs — 1, > 1}, while in the thick
sheath limit rg > 1.

3.3.1 The thin sheath limit

In this case the normalized speed,

2

~2 n r
Ue = |¢p| 72 _p,rg
B P

is large in the limit ry — 7, > r),. Thus, writing Ies = Asph (¢aNaoVin)/4 the Eq. 14 reads,

Hy) = 1.7 [1- (= et
Tp) = — —dl—=—=)e
P “r2 72
and using exp(—a2) ~ 1 we obtain,

2 2

r T

I(Tp)zlesr_; (1_1+T_12)>:Ies
P s

Therefore, the current of attracted particles for an spherical probe in the thin sheath limit is
constant for bias voltages V), > V.

For the cylindrical probe, with I = Acy (¢anaoVin)/4 the Eq. 24 reads,

I(rp) = Les | =2 Exf(a,) + el Exfe(y/ a2 = Ios F(4,
() = ox |2 B0 + o Bnte(y/ 32 + 1) | = Lo P 16,

and in the limit r4 — r, > r, we may use of,

)
e{L’

1
NZE

2These expressions corresponds to Eqs. (29) and (30) in Ref. [5] and (43-49) in Ref. [7].

Erfc(z) =1 — Erf(z) ~

17



Dept. Fisica. E.T.S.I. Aeronauticos. Universidad Politécnica de Madrid

for large values of z. Thus, the function F(,, |¢,|) can be approximated by,

~ r 1 eiﬁQ e“{)P‘ eiﬁQ ef|qu|
F(de, |¢pl) = = (1= —=——) +
c p p ﬁ u \/7_T ﬂg+|¢§p|
And we have,
2
@2 +19p) = [l o2y + 18] = 23 2
c pl— p T'g—?"% D _T;Q) c

After some simple manipulations we obtain,

Pl A Ts 1 1 7“12; 26_112 Ts 1
(Uc, |¢p|) —= r - ﬁ Tg _le)rp o - ~

Therefore, in the thin sheath limit the current of attracted charges collected by both, the cylin-
drical and spherical probes I = I, is equal to the electron saturation current and independent
of the probe bias for V}, > Vg,

3.3.2 The thick sheath limit

For the spherical probe when rz/r, > 1 we approximate,

2 2

-2 2 L 2T 2 e

exp (—ig) = exp | —|¢dp r2/r2 — 1 = exp —|¢p|ﬁ ~1- |¢p|ﬁ
s/'p s

S
2 2 2 2
Ts Ts 7np 1 Tp n
S5 |13 — =5 |9yl
Tp Tp TS 7"8

Writing Ies = (Asph Ga Moo Vin)/4 we obtain,

and in Eq. (14) we have,

Asph
4

I(Tp) = (th nao) Vin

R r2 .
I(rp) = Ies <1 + |bp| — 72\%!
S

Finally, neglecting the small term,

‘Qa¢p’)

I(rp) ~ Ies (1 + Kol
(e}

(25)

In the thick sheath limit the collected current of attracted particles for the spherical probe
grows linearly with the bias potential V), > V.

In the case of the cylindrical geometry,

Flic, |6pl) = = Exf(ic) + el Exfe ()
P p
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and because s >> 1, for low values of 4, we make use of Erf(x) ~ (2z)//7,

5 2 rs 2 EX Ts .
F 's = ol Brfe (7
(e 1) 2 Tt o ke (2

After some simple manipulations we obtain,

F( e, \(bp \/74— el%v| Erfe \/;)

On the contrary, the argument of Erfc (4/ QASp) ~ Erfc (r4t./rp) is large and we could make use
of the previous approximation. Then,

Flio, 165]) = 2 byt iy (1 1)

2\F\F

The final expression for the cylindrical probe is,

_ 2 |90 9| 1/2
I(rp) = Ies N (1+ KZ{;) (26)

For Maxwellian plasmas where the thick sheath approximation is valid, the Eqgs. (25) and
(26) suggest that KT, could be determined by plotting I,, (or Ig) aganist ¢, =V}, — V.
The density unperturbed density n,, also may be determined from the value of I..

Thick sheath approximation Thick sheath approximation
L L L L L L LI FT T T T T T T T T T L &
- 7
- ; 4
- @) - (b) 1
~? =~ | @, =2)
= — Cylinder = Y me S E
= — Sphere | g fore,9)
= (9,=2) g
>4 T ¥y _ =1 |
o i o !
o i - O0lF | E
Q | [ F : ]
N | ! N F ;
S ! : = [ ‘
£ V| : E L — Cylinder
o = | o
Z L [ 4o pd — Sphere
o | - 0,01} ) -
| ! —- Least squares fit 3
PR I B | il PR I T I . " " 1 " 1 " 1 " 1
5 4 3 2 1 0 1 2 3 4 5 -2 -1 0 1 2 3 4 5
Normalized bias potential (¢p. = eV /KT ) Normalized bias potential (@ =eV /K, T)
p p B e p p Be

Figure 14: Comparison of the thick sheath approximation for spherical and cylindrical probes in
(a) linear and in (b) logarithmic axis for an Argon plasma. The electron temperature is KT, = 3
eV and the ion temperature KgT; = 0.013 eV (equivalent to the room temperature of 300 K ).
The plasma potential is Vi, =6 V, (¢sp = 2 V with ¢, = e Vs, /KBT,).
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The results of the thick sheath approximation for a typical plasma are represented in Fig.
14 and have a similar look to the idealized current voltage curve of Fig. 4. The curves also
compare the Eq. (25) for spherical and Eq. (26) for cylindrical geometries. In the electron
saturation region (C'D in Fig. 4 where V), > Vj,) the current is geometry dependent while
this is not the case for repelled electrons (AC in Fig. 4 where V' < V). This fact is caused
by the low temperatures and large mass of ions that increase for V), < V), the ion saturation
current less than I, for V > V.

We conclude that the equations (25) and (26) lead to an important result. When the thick
sheath approximation is valid in Maxwellian plasmas, the repelled particle temperature KT,
could be determined by plotting I, (or Ig) against ¢, = V,, — Vy,. Once KpT, is obtained,
the plasma density 714, may be determined from the value of I.s = A (qq 1a) Vin /4.

However, as we shall see the validity of this approximation is limited when compared with
actual experimental data (see Fig. 16 and the discussion in Sec. 4.1). In this thick sheath
approximation the electric field around the probe remains undetermined because the Poisson
equation has been ignored. Thus, more involved models are required to account for the orbital
motion of attracted charges.

3.4 The energy distribution function of repelled particles
Finally, without making assumptions regarding the energy distribution function g(F) and

important result is deduced from Eqs. (4) and (17) for both geometries. [2, 9]. Deriving with
respect of the lower limit of the integrals,

I(a) = /abf(x,a) dx

we have,
dI db da bof(z,q)
o) = — e ek Rt A
do 1 (b, ) do fla,@) do +/a ox v
From Eq. (4) for the spherical probe we obtain,
Asph Ga o qaP 2F
I(rp) = =% 1+ =) g(E)/—dE
) = Zomte [ty g 2
Therefore,
d*1 ° @Iy Gad 2E
—:0—0+/ 14+ =F) g(B) | —dE
dgbl% dadp E E Ma
and,
d?I 24a
—— = —(qamry) 9(E)
dgb}% P ma¢p

We conclude distribution energy for repelled particles can be calculated from the second dif-
ferential of the current with respect to the bias voltage,
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_ 1 MaPp d2_I
9E) =~ \ 20 <d¢,%>

This result is valid for any geometry as far as the velocity distribution is isotropic. Then,
even for non Maxwellian plasmas, the distribution function of repelled particles g(F) can be
obtained from the experimental data. While this result is valid for any kind of repelled charge,
in of particular interest for the electrons.

However High noise of the initial curve makes it very difficult to obtain the second differ-
ential of the current with respect to the bias voltage.

4 Interpretation of Langmuir probe data for repelling electrons

The above simplified theory considers an isotropic equilibrium plasma where none privileged
direction for the particle speed exists. This is not the case for a large number of situations
of physical interest where the probe and/or the plasma are in relative motion. However, the
above theory only applies as far as the drift velocity of the plasma is low compared with the
thermal speed of charges. This is also a common situations in low pressure discharge plasmas.

However, even when the energy distribution function is non Maxwellian, some important
information could be obtained using collecting Langmuir probes. As we have seen, the repelled
charges are collected over the surface S of the probe and Eq. (5) for the spherical and Eq.
(16) for cylindrical geometry are valid for any isotropic velocity distribution function f, ().

In general, the repelled charge current of the specie @ may be directly connected with f, (),
this is of relevance for the repelled electrons. The electrons are mainly concerned because of
the lower ion temperature, that leads the repelled ion currents to be one or two orders of
magnitude much smaller than the electron currents in most experiments [2].

4.1 The analysis of experimental results

The classical analysis of the IV curves of collecting Langmuir curves is simple and based in
the fact that Eqgs. (8) and (19) are geometry independent. This calculation has been subject
of a large number of refinements but its basic scheme has not been changed since the early
work of Irvin Langmuir.

The first step is to subtract to all experimental data the value of the ion saturation current.
This moves upwards the curve leading all currents positive. However, this value is frequently
so small that this correction becomes negligible as for the experimental data shown in Fig.
[15]. For low temperature plasmas where T; < T, the ion saturation current is approximated
close to the floating potential by the Bohm relation [4],

KgT,
Lis = Ipopm = 0.6m; € S | —2=<
m;
The factor 0.6 = e~ /2 comes from the approximation of the plasma potential Vip ~

KpT,/2 at the end of the presheath [4].
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This expression comes from the fact that a positive space charge sheath can form only if the
ion density is higher than the electron density at the sheath edge [4]. Furthermore, if the ion
density shall decrease slower than the electron density the ions must approach the sheath with
a speed exceeding the Bohm wvelocity [4],

KBTe

m;

VB =

To achieve this speed, an energy corresponding to a potential drop of KpT,/2e before the
plasma sheath is necessary. This accelerates the ions to speeds over the ion sound speed given

by cis = /KpTe/m;.
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Figure 15: The graphical analysis of actual experimental current voltage curves of collecting
Langmuir probes. These measurements could be compared with the theoretical predictions of Fig.
[14].

Next, the electron temperature KpgT, is determined from the slope m of the exponential
growth of the repelled electron current by least squares fitting of the experimental data as
shown in Fig. [15].

The electron saturation current I, is also estimated from the upper straight line corre-
sponding to the fitting of the saturation current. The intersection of these two lines determines
the plasma potential Vg, at the rounded knee of the curve. Finally, from Egs. (9) and (19)
the electron plasma density could be also calculated.

The sharp knee at the plasma potential and the flat ion and electron saturation curves in
Fig. [4] are ideal probe features that are rarely seen in practice. The actual experimental data
in Fig. [15] the real behavior with a rounded edge. In addition, with increasing bias voltage
the ion and electron saturation curves also increments.

The rounded knee of Fig. [15] leads to imprecise determinations of the plasma parameters,
in particular, the value of the plasma potential. This behavior is not theoretically predicted
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in Fig. [14] for the thick sheath approximation where the effect of the local electric field is
neglected. This suggests that the sheath formed around the probe would be responsible for
this behavior.

Because of the electric imperfect probe shielding of electrons close to Vi, the expansion
of the plasma sheath is the more accepted explanation for this round off observed in Fig. 15
[1, 2|.

However, this point is unclear, the plasma sheaths around the probe are small in weakly
ionized plasmas with densities in the order of ~ 10® cm™2 and T, ~ 2 eV. The typical sheath
thickness, in the order of the Debye length, are smaller than 0.1 mm [8], orders of magnitude
below the typical size of the probe. Thus, the expansion of the sheath would produce a
negligible increase in the collected current compared with those observed in the experiments.

On the contrary, for lower plasma densities and smaller probes the sheath expansion in-
creases the collected current because the effective area for particles collection is the sheath
and not the geometric probe area. Consequently, when the probe dimensions are comparable
to the sheath thickness, the probe geometry has a larger influence on the IV characteristics.

This dependence of the current collected with the relative weight of each characteristic
lengths (Debye length vs. probe size) and the actual extension of the perturbation introduced
in the plasma (plasma sheath) remains as an open question.

3,2¢10°
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Electron Saturation Fit
, = |on Saturation Fit
8,0x10° Jarin ,
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Figure 16: Comparison of the above graphical analysis with the thick sheath approximation for
measurements using cylindrical probes.

Finally, the expressions obtained using the thick sheath approximation are compared in
Fig. 16 with the values obtained from the graphical analysis of data in Fig. 15.

5 Emissive Langmuir probes

As discussed before, the plasma potential is determined from the IV curves of collecting
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probes by the crossing point of two fitting lines. This method is prone to errors because of
the round knee found in actual IV curves, as well as the noise observed for low values of the
drained current in low density plasmas [3, 2]. The emissive probes are intended to provide
reliable measurements of the plasma potential.

The emissive Langmuir probes are made of a thin
wire immersed in the plasma and heated up by a DC lheat

or AC currents. This heated filament is biased as a & = Plasma
collecting probe as shown in the scheme of Fig. 17. Ji Probe

o
The current I; heats the wire up to red glow within ; @ m
temperature range of 1700-2000 K as in Fig. 18. This .S
produces the thermal emission of an electron current 3 H(\EI\Elaitr(Zd
given by the Schotty-Richardson formula [3, 2], T P

VP
. eW .
Je,Th = CTw2 exrp\ — ! and, Iem = ije,Th
KgpT, |p

(26)

where S is the surface of the wire, T;, is the filament Rle feregce i
temperature, Wy the work function of the metal and electrode

the constant C' = 6.02 x 10> A/m?K2. This emitted
electron current essentially depends on the tempera-
ture T, of the filament.

Figure 17: Scheme of the basic electri-
cal connections of an emissive probe.

Therefore, when the probe is biased more positive than the local plasma potential V,, > Vj,
the emitted electrons are reflected back to the probe. On the contrary, if the bias potential is
negative with respect to the surroundings V}, > Vj, the electrons can escape to the plasma and
appear as an effective ion current. The interpretation of emissive probe data is based on the
separation of the hot and cold IV traces that occurs near the plasma potential. This electron
emission process is not sensitive to the plasma flow because only depends on the local plasma
potential, rather than the electron kinetic energy. However, emissive probes do not provide
useful data on plasma density and temperature as collecting probes.

Although emissive probes have been investigated for a long time there still remain many
controversial issues regarding the emitted electron current and the space charge effects. In
accordance to the magnitude of the current given by Eq. (5) the emissive probes operate in
two different regimes. The strong emission regime (I rh/les > 1) occurs when the thermal
electron current is higher than the electron saturation current I.¢ collected by the cold probe.
In this case charge space effects around the wire are important while could be neglected in
the opposite weakly emission limit (1o 7p/lse < 1).

5.1 Floating emissive probe

For probes operating in the low emission mode, the current I, from a heated wire could be
written as [2, 11],

_(Iem + Isz) ‘/p < ‘/sp

I = e (Vy = Vip)

—Iem G (V, — Vgp) exp [— KT,

| v=v,
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Tungsten —

Ceramic Tube ——

Leads —— I

Figure 18: The picture and scheme of an emissive probe (left) and this probe operating in a glow
discharge plasma (right).

Here, I, is the electron thermal current of Eq. (5) and I;s the ion saturation current. The
electron thermal emission depends on the temperature of the wire T, and is considered as
constant for V,, <V, and decreasing for V), > Vj,. The same filament for low T},, acting as a
cylindrical cold probe collects the current I.,, also approximated by,

ILes GI (Vp - VSP) V}? 2 VSP

Icw =

keeXp[ea@'_‘éw] V, < Vi

KgpT,

where I, is the electron saturation current. The factors G’ (V, — V) and G (V, — V)
account for the orbital motion of electrons and could be approximated [2| using the thick
sheath model of Eq. (26).

The heated probe combines the emission and collection processes and the total collected
current is I(Vp,) = Iy + Ipy, and writing ¢, = (V), — V) for ¢, < 0 we obtain,

Ip(¢p) = Iy e(e(bp/KBTe) - (Iem + Isz)

The first term is the exponential increase of the electron current when V), approaches Vj,
which is reduced by a constant negative electron emission current. For the floating potential
I(Vp) = 0 of the probe,

Ise 6(6¢F/KBT6) = Iem + Isi

taking the logarithm in both sides,

- KgT.

I <Iem+Isz') edp
‘[Se

Finally, we obtain,
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KpT, I I
Vsp:VF_ Ee?eln<em+ sz>

ISE

In the weak emission regime I.,, + Iy; < I and

In(Ier, + Isi/Ics) < 1 and finally, . Iheat
E Probe Plasma
E o) —E
KBTe Ise 8’ i
Ve, = V) 1 Vi 26) £ Heated
= VP n(Iem Isz‘>> Fo (20 g T

P
This last equation permits to determine Vj, using the

floating potential of the emissive probe. The emission Figure 19: Symmetric emissive probe
current I, increases with the temperature of the wire  jrcuit.

(Eq. (5)) when I, ~ I, the logarithm in Eq. (5.1)

is very small and V, ~ V. Therefore the potential of a floating emissive probe is very close
to the value of the plasma potential.

There is an inevitable voltage drop AV along the hot wire which limits the accuracy of
the measurements of V,. The circuit of Fig. 19 is employed to improve the readings biasing
the point P. The signal from the probe is connected to the same point in the scheme of Fig.
17.

5.2 The inflection point method

Procedures which involve significant electron emission, such as the floating potential method,
perturbs the local surrounding of the probe. This is of particular concern in low density
plasmas where the emitted electron current may perturb the local electron density.

Ref. [11] introduces the inflection point method to determine the plasma potential more
accurately. Because this is an quite sophisticated technique, which involves the numerical
differentiation of the experimental data it will not be considered in this work.

The principal idea of the inflection point technique is to follow the inflection point of the
IV characteristics as the emission is decreased down to the point of zero emission. When
space charge effects can be neglected, the inflection point corresponds to the plasma potential.
Therefore, the inflection point is determined by the derivative dI/dV;. There, where the slope
of the curve changes the inflection point can be found.

The total probe current I, for V), < Vj, is,

V;)_Vsz))

e
I, = Iy exp [ ( — ] — (Iem + Lis)
[

and for Vj, >V,

_ 1/2 . _ _ 1/2
I, =1Ie |1+ e(Vp - VSP)} — L exp [ e(Vp VSp)} [1 n e(Vp — Vip)

KBTe KBTu) KBTw
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Differentiating both equations for I, with respect to V), gives,

d] se - S
dly _ ele 0 [¢0p = Vip)
de KBTe KBTe

and

dr, el 1, eVp 2 el —e(Vp — Vip)
= = - ex
v, KT, 2 KgT, KgT, P KT,

~1/2 ~1/2
Lo eV VP, e )
2 KBTw KBTw

When these equations are plotted for an ideal cylindrical probe, the plasma potential can be
determined by the sharp peak for Vj, ~ V).

X

It is difficult to determine the small peak of the slope in the derivation because of the noise.
It is determined by observing the moving peak by varying the emission. Ref. [2] found that
space charge effects can be reduced by decreasing probe radius. With increasing radius the
radial electrical field decreases and the shift becomes greater
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