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(LR From single particle motions to fuig

A first approach:

A) to apply the system fluid description (continuity, Navier-Stokes,..., MHD ) but

adding the electromagnetic forces effects on a plasma, for momentum and energy
equations to obtain:

In contrast: n(r,t), u(r,t), P(r,t)....

B) Apply elementary dynamics to any single particle (conservation laws , force on the
particle...) providing individual motions:

%mv2+q¢(x,t): E,; mrxv=1L, ..

A) Losses of information related to particles velocity, collective effects can mask
microscopic and important physics, misleading results...non-local description.

B) Too simple, losses of the collective effects (self-consistent forces) leading to very
local descriptions of a plasma.

C) Several intermediate descriptions are needed by virtue of the plasma system
scenario. Itis desirable to account for collective phenomena in suitable time
and spatial scales.




From microscopic description of particles close the thermodynamic equilibrium :

a distribution function is derived f(v) , from it, macroscopic magnitudes can be obtained by
averaging calculations, providing a direc relation to macroscopic description (e.g. Temperature

Is related to average kinetic energy)

PV =n_ RT =

mol

N .
—, numberdensity

V

¢

N

A

g(P,V,T,N)=PV —NKk;T =0y P =nk,T

dN

S

dVv

RT = Nk,T =

, plasma specie s = e,i,a)

Microscopic desccription: particles distribuited in velocity and in space (phase space)
The key for a microscopic view is the mean-free-path , a statistical concept, intuitively, for a test

article a collision with a fixed particle b, this distance would be: (see. Ref. 2, Knudsen number)

Figure 2.3: The area within
the dotted circle is the total
Cross section @, for collid-
ing particles. 4



(eversibilty conditions, microscopic) S

A first question: Is it posible to study plasmas as they were neutral gases
Moreover: Can we deal plasmas as system in (or close to ) thermodynamic equilibrium?

A neutral gas reached termal equilibrum after particles microscopic interactions called, in genral,
collisions:

»  Elastic collisions dominate (binary, instantaneu sintense forces)

»  Short.range intense forces.

» Random or zig-zag particle motios.
But, in plasmas, charge particles interact by Coulombian forces :

»  Smooth trajectories and multiple particle interaction

»  Coulomb forces are large-range and weak ones.

© Neutral atoms
@ lons
® Electrons

/3 fs(vx)

Ug [
Ty,

(a) The random motion of a neu- (b) The random motion of an ion
tral atom into its parent gas where and a neutral atom into a partially
trajectories right paths. ionized gas.

Equili. Neutral gas is microscopically characterize by a statistical description, distribution.

Macroscopically, described by a Estate Equation g(P,V,T,N)=0-
5
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ién por teoria ciné

Calculo de energia cinética media en gas ideal con N particulas puntuales no interactuantes en volumen V' y
movimiento aleatorio. La cantidad de particulas dirigidas perpendicularmente hacia la pared (v, >0, la
mitad) de area S del recipiente en tiempo of cuando ocupan volumen oV adyacente s: (la mitad van hacia pared)

SN N 1 1. .6V 1IN 1 N
—=—=>N =-6N="-N—=—— §0z=—— Sv, 6t
sV vV 2 2V 2F
El intercambio neto de momento lineal por colisiones con pared:
oP =N, (f:h'ﬂ,vl —(—mavL)) :% m_Svi St E% m_Sv? St
F oP /ot N
Y la presion ejercida: p=—= ./ = mv?
S S V
En promedio (equiparticion de energia): <"2 > = <v§ + vﬁ +v; > =3 <"’
2 | 2 N
Da V=Nm {(v:)==N|=m (v’ ) |==N(E Y=nRT =—RT =Nk, T
p o< z > 3 [2 o< >] 3 < c > NA B

donde ks =R/N,es la constante de Boltzmann . y las energias cin¢tica total y media por
particula:

2 N

A

1 3 3 R R
Ec——Nmo<‘~’2>—N[EkBT)—}<EC>—EkBT Lk, =—=138-10"JK
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Table 1.1. The characteristics of ionospheric plasmas for different altitudes from reference [4]. The
temperatures of plasma species (neutral gas 7,, ions 7; and electrons 7,) are in Kelvin and m; is the
average molecular mass of ions in atomic mass units. The plasma density is n, and A,

Temperature

0.026 eV
{— 0.052 eV
0.086 eV
0.112 eV

0.8
Argon

X 0.6

0
«t 0.4




re of collisions defines gas time and spatial scale-

Neutral vs ionized gases will differ in time and space evolving scales, T and L , larger
compared ti collisional microscopic scales.
. L> A,

The Maxwell-Boltzmann homogeneous distribution f(v) is reached by a neutral gas, it can

T>r,

be considered as the probability of finding a particle with velocity in the range
v and v+dv , or, alternatively, the nunber of particles dn in this range:
(see Material Auxiliar Ref. 1.3 and Ref. 2.1)

-

f(V)=”o£

\

m
f(v.)=n / e
(V) =N, 27K, T

m
27k T

|

2

mvy

o0

_2kBT : j f (VX)dVX _ nX

—00
m|v|?

e 7; [ f(v)dv=n,

N\

"E==—m|v|°

J

And, of the gas is under a foeld action with potential energy ® ( changing the kinetice
energy Eby teh mechanical energy) we get the Maxwell-Boltzmann distribution:

m
27k T

f(r,v)= NO[

fe

_m|v|?/2+®(r)

kgT

_o(r)

[ £ dv=n,(r)=Nge ;[ f d*vd’r =N,
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The Maxwell-Boltzmmann probability distribution

m 3/2 —mv? N
fmb(v)=( ) e 2kt

ZﬁkBT

2 VEe lkst
VT (kpT)2

Imp(E) =

f gmb(E) dE =1
0

Represented in one dimension:

fon (02) = (52 )1/2 o ot

2nkgT
1
| Temperature
0.84— 0.026 eV
{—— 0.052ev Argon
“x 0.64— 0.086eV
2 ]— 0112ev
wrt 0.4 -
0.2 -
0 1 T
-2 -1 0 1 2
v, (km/s)

+ Strictly speaking only applies to systems in thermal equilibrium (uniform n, and T).

« The function f;,;,(¥) is the probability density and dP = f,,, (¥) d3v the
probability of finding one particle within the volume (d3v) centered around the

> velocity v.

 The function g, (E) is the probability density and dP = gy (E) dE the
probability of finding one particle with kinetic energy in the (E, E + dE) range.

+ The MB velocity distribution function gives the dN = n, f,(v) d3r d3v number
of particles within the (d3r d3v) elementary volume located at the (r, v) point in
the phase space.

Represented as a function of
the kinetic energy.

20
Temperature Maximum of g,,;,(E) defines:
15 - — 0.026 eV kgT
. — 0.0528V + Most probable energy: E = -
W 40- —— 0.086 eV
E —— 0.112eV , 2kgT
o * Most probable velocity: v =
5 4 m
0 —

0 01 02 03 04 05 06
Energy (eV)




 Application: Field sNhiclding, Debye Length astundamertal plasma spaialsele

o Letus assume an equilibrium Maxwellian plasma. For a point charge in a local perturbation of
plasma neutrality, the local electric potential satisfies: See Ref. 3). We can see that the E field
Is shielded from the any point charge (the individual field vanishes is a short distance).

In the initial plasma equilibrium, we introduce!” a small perturbation §p,. = q 6(r) in the electric charge

Spoe =50 E() =X + Ex(r) Ey(r) = Vi
E{(r)is the perturbed electric field
Spsp(r) =e [n;(r) — n;(r)] E, = 0 (plasma equilibrium) governed by the Poisson equation
0p: + 6 q e
V-E,=—-V%p, = Pe T OPsp V-E; = —6() + —[ni1(r) — neq ()]
&o €o €o
In a Maxwellian plasma in equilibriumthe n.(r) and n; () densities are given by, ny,(r) = n, exp (+ efl (r))
- T,
Bla
Small amplitude perturbations of the )
charge/electric field means that thermal |e ¢1(r) &1 ng(r)=n, (1 L 29 (T))
energy kgT dominates over the > kpTq — kpTy
electrostatic energy |e@, ()| in this case . ) 5
we said this is an ideal plasma then we 5 _ 3 €™ Ny €" Ny
can approximate for ions and electrons 7 Vi (r) = & [6‘0 ext + kpT, ¢1(r) + kpT, $1 (r)]

(*) Details of this derivation in the note entitled The ideal Maxwellian plasma available in the supplementary material lectures.

» The electric field perturbation decays exponentially from any test point charge g in a
guasi-equilibrium neutral plasma

~ Entorno Espacial 2025 10



» For a point charge in a local perturbation of plasma neutrality, the local electric potential
satisfies: See Ref. 3)

8 1 e’ n, ’n,
V2 = —E‘f’ =— [apm + kﬂﬂj o(r) + iﬂ’; qb{r)}

For a small deviation froma equilibrium, gives teh characteristic Debye Lengh:

(-5 ) 000 =-L50n =
Ap €o AD  Abi Ape

e Or elctron and ion Debye lenghs and potential (shielded field) solution:

o EakBTr' ] o Eakaﬂ-
Api = eln, Ape = e’n,
—r/A
¢ 2de ¢ g q e’/
— — f— ——3 ry=
dr? N rdr  Aj £, ") ¢o(r) drwe, r

» The electric field perturbation decays exponentially from any test point charge q in a quasi-
equilibrium plasma satate: No large E field can be sustained inside a conductive medium



veq 4 B
-?L"j. - Afirst (exact and useless) distribution : -

An exhaustlve and complete approach would give the useless (unreachable)
peaked abrupt distribution for N particles in deterministic motion: (Klimontovich
distribution) knowing every point particle deterministic, Newtonian, position and
velocity at time t, we would have:

N
fe@, v, 1) =) " 8lr —r; (D 18lv — vi(1)]
=1

Giving the macroscopic charge and electric current densities of punctual elementary

charged particles sets : (check physical units i)
( N
p(r) =" g, 8(r-r) jfK(r,v,t)d3v:Za(r—ri):n(r,t) N -
i L con 1=1 N V'E:g—o V/\EZ—E
J(r,t):z Qi Vi O(r =) J'fK(r,v,t)d?’vdSr:Zl= N V.B=0 VaB=—=, %k
| ’ \ =) ¢t ot g,
AN
Ejm: p:&:q AN—q : J(rt)—zl:qe I='21:qe 4N =q, (V) n, =0,u,n, =q jvf(v,r,t)dv
e AV eA e e AV AN AV e e € e-e e e e

One distribution for each species: electrons, ions and neutrals, coupled to Maxwell Equatons in Electr.

p(r)=mn (rt) A= p, =2 g0t @=8&l2

J(r,)=>3,.,=> q,n, u,= qaj.j: f (v, r, t)vdv

Entorno Espbacial 2025
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. Extension: Information given by f and macroscopic magnitudes |

» The most important macroscopic measurables (magnitude measurements), for each plasma
species a, derived from the distribution function are averages of velocity functions H(v) (usually
powers of velocity components) in the form: (Definitions) o= electrons e. ions i. and neutrals

(H) (rt)= ni [HE.rt f,(vrt) dvesn, (H) = [Hv,r1) f,(v.r1) dv

number density : n_ = _[ f_(v,r,t) dv

Fluid velocity : u,, (r,t) =(v) =ni j v (v,rt)dv

3 1 1 ¢1
Temperature :=k. T (r,t)=(=m |v—ulf )=— |=m_|v—-ul* f (v,r,t) dv
peraure: 1T 1) =( 2m, [v-uF )= [2m, [v-uF £,(v.r0

» And the derived ones (observe that T and energy transport, heat, are measured accounting for
thermal fluctuationa around fluid velocity u :

mass density : p = Zma .» charged density: p, = > q,n,

Particle flux: T = ZF Zn (v )

Electriccurrent density: J(r,t)=> q,n,(v) =>q,n,u,

Heat flux:q(r,t)=n, <%ma lv—ul’ (v—u)>, Entropy : S :—kBjj f In fdvdr

~ Entorno Espacial 2025 13



«WL.A differential evolution equation for f is needed -

Approach (theoretlcal interest only) The Klimontovich distribution is in practice replaced by a
formal smooth density f(r,v,t) in phase space point “particles” at position g=(r,v) of a six-
dimensional space, understood as a number of points in a g-space 6-Dim, still small,

volume: 1 Np(r, v. 1)
f(r,v,t) = dr dv fx =
ATAV J, Av ATrAv

that generates a smoot function f as the (number) density of particles inside a small six-
dimensional volume element cantered at position g= (r, v).

NOTE: This approach is similar to that one expressing mass density p as a continuous smooth function of position of a
small volum containing AN particles, instead of a distribution of point masses by a set Dirac Delta densities
p(r) = XN m; IAV)

As a density f(r,v,t), has to satisfy a continuity equation if no particles are created or
destroyed : |§f af B

(U, f):imiv(uq f)=0; U,=(v)=(v,F/m)

at ot g ot
In particular: af 0
6_I+_l‘ (f)‘|‘— (fa)=0

Whererand v, as components of q:(r,v) , are INDEPENDENT variables.

Kinetic: A very general formulation is possible knowing the time evolution of f, validfpr
Inhomogeneous , anisotropic and non-equilibrium plasmas.
Entorno Espbacial 2025



. Kinetic Theory: general and basic for other approaches ]

For the species density f in a point of the configuration space r, as for the density of dN=ndr, in velocity
space , it can be defined a similar number density being proportional to volume element dr and function of r, t
andv as f(r,v,t)dr. of phase space

The number of points dN; in the volume dr dv of phase space with velocities lying between v and v
+ dv and position between rand r + dris dN,=f(r, v, t) drdv =1 (r, v, t) dridv® =f(q,t) d °q
Being the number density of real particles in physical volume element and dn= f (r, v, t) dv =f d3v
giving the density n and the number of particles as

n(r)=[f(r,v,t)dvand N=[ n(r, t)dr
f(r, v, t) is the spatial-velocity distribution function, it can be also understood as a probability
density of points in the 6-D r-v phase space (then [ f dr dv=1)

Kinetic Theory: A very general formulation is possible knowing the time evolution of f, valid for
Inhomogeneous , anisotropic and non-equilibrium plasmas.
It is quite general (usually unaffordable) and practical approximate theories are needed

To do this, it is important to distinguish interactions infout a Debye Sphere, to account for:

microscopic fields simulated by collisional effects dominate in a Debye Sphere,
whereas macroscopic fields (contribution out of Debye Sphere) also enter as
a response of the collective effects, also changing them, intrinsic in any plasma

ALL PLASMA DESCRIPTIONS APPEAR IN PLASMA INVIROMENT SCENARIOS

~ Entorno Espacial 2025 15



and basic

N n
i .
‘IA

For the species density in a point of the configuration space r, as for the density of ndr, in
velocity space it is defined a similar number density being proportional to volume element dr
and functionof r,tandv as f(r,v,t)dr.

The number of particles dN in the volume dr with velocities lying between vand v +dv is
dN=f(r,v,t)drdv="f(r,v,t)drddvd="1(r,v,t)d3r ddv

Finally:
f (r, v, 1) is the spatial-velocity distribution function, it can be also understood as a
probability density of points in the 6-D r-v phase space.

Kinetic Theory: A very general formulation is possible knowing the time evolution of T,
valid for Inhomogeneous , anisotropic and non-equilibrium plasmas. It is quite general
(usually unaffordable) and practical approximate theories are needed

To do this, is important to distinguish interactions in/out a Debye Sphere, to account for:
microscopic fields simulated by collisional effects dominate in a Debye Sphere,
whereas macroscopic fields (contribution out of Debye Sphere) also enter as

a response of the collective effects, also changing them, intrinsic in any plasma

ALL PLASMA DESCRIPTIONS APPEAR IN PLASMA INVIROMENT SCENARIOS



Eance of collisions (

Collisional energy thermalization in a plasma

, _ E _ 4m; m, _ For a complete energy Helium (Z = 4) N.= 1.8 103
Energy transference ETE "~ (m, +m;)2 =1 transference E, — E _ _ 4
in one elastic collision “ “ ' . E Argon (Z = 40) N.=1.8-10
between particles 5. = ﬁ _ 4m,mg, ~ 2.2-10 N, X 8 = | Xenon (Z = 132) N. = 5.9 - 10*
\ ETE, 7 (mg+my,)? "~ Z E,

* The distribution of energy between electrons and heavy species requires of many collisions.

5
10 i
Non-thermal | Thermal | = o
2 T plasma plasma 1 ® * The total collision frequency,
;; 104 — ¢ S — : — 1.03 Vea = OeqNaNe Ugp
o ' ® . .
= o> o characterizes the number of collisions between electrons
g ' 33 c and neutrals per time and volume unit.
o = ]
%103 - | §§- — 01 % . The transference of energy is proportional to the pressure
o 1o 2 of the neutral gas.
~ " Roomtemperature 1 | oo We can introduce,
10 R I-1 I_1 |0 | 1 |2 |3 |4 o Non-thermal plasma kgT, > kpgT; = kgT,
1010 10 10 10 10 10 10 o Thermal plasma kgT, = kgT; = kgT,

Pressure (mbar)

From J. R. Roth. Industrial plasma engineering.
Institute of Physics Publishing. Bristol U.K. (1995).



) B :
Préc?ﬁ{:g:, Klimontovich f -

Unidades:
* N particulas deterministas con velocidades y posiciones conocidas, del orden del Niumero
de Avogadro

e Densidad numérican, en particulas/m3, osea, m-
o Ladeltade Dirac de r tiene unidadesde m-3
e Ladeltade Dirac de v tiene unidades de (m/s)-3

Dar las unidades en las que se mide la distribucion f , y comprobar que se satisfacen tanto para la fk
como para la Maxweeliana. Observad que:

| f(@) s(a—q,)d"q=

Dom

f(q,),si g, Domc R"
0,siq, ¢ Dom

3+3

particularizar para q = (r,v) e Domc R (espacio de fases)

m 3 miv-u)?
f(v):nOE ]e TN

27k, T r N
IV f (v)d°v=nyu p(rt)=2. g o(r-r) [ fe(rv,ydiv=3"6(r—r)=n(r,1)
' con- i1
Ejmlv_ulz f(V)dSVZn EkT J(r,t)zzi: q; v, 5(r—|’|) IfK(r,V,t)d3Vd3r:ZI=N
2 0 2 B N 1=1
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ca. Interpretar las fy «

Problem 1) Discuss the meaning of the elementary distributions:
Joeam (U, V, ) = foeam (V) = No 0(vz — vg) 0(vy) 0(v2)
Jshell (', V. 1) = fshell (V) = Ao(v — vo)

(indication: evaluate the averages of velocity components and modulus)

Computen,u and T.

The distribution function f(r,v,t) plays the role of density n(r,t) but in 6-Dim
phase space:
f is the density of particles related to the number of particles in an
elemental 6-Dim volume of phase space.
The time evolution of  f(r,v,t) Is described by the KINETIC THEORY

The number of particles in an elemental volume dr dv, at a 6-D point (r, v), Is:

dN=f(r, v, t)drdv="f(r, v, t) dr3dv®




'l

Individual Velocity distributions (fixed position x or uniform spatial disposition):

1.- particle streams: uniform and two counter-streaming beams

- -
_ o— ._.,-_' l f(u),. ._’. ’_. "_.._
(11)4 ' e —
fi o— o° *

14 7

| I

| {

f(x,u,lt) = n5(u|—u0)= z
2.- Distributed patrticles:

f(x,u,t) =%( S(U—Uy)+8U+uy))n

f(u,t) :Z Su-u)n =

fa) | jﬁ(u)du =1- .
P I e jf(u,t)du=zni =n(t)

® -0

| I | I I I T T 2Units of Dirac-Delta, n(t) and
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