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- Bxtension: Information given by fand macroscopic magnitudes

= The most important macroscopic measurables magnitudes, for each plasma species a, derived
from the distribution function are averages of velocity functions H(v) (usually powers of
velocity components) in the form: (Definitions) o= electrons e. ions i.and neutrals a

(H) (r,t)= ni [Hv,r f(vr)dven, (H) = [Hv.rtf (vt dv

number density : n_ = If (v,r,t) dv

Fluid velocity : u,, (r,t) =(v :—jvf (v,r,t) dv

3 1
Temperature :=k. T (r,t)=(=m |v—ulf )=— |=m_|v—-ul* f (v,r,t) dv
perature: T, (. =( 3m, 1v-uF )= [2m, [v-uF £,(v.r0

» And the derived ones (observe that T and energy transport, heat, are measured accounting for
thermal fluctuationa around fluid velocity u :

mass density : p = Zm n,, chargeddensity: p, = anna

Particle flux: T = ZF Zn (v )

Electric current density: J(r,t):an n,(v) =>q,n,u

a o o
(24

Heat flux:q(r,t)=n, <%ma lv—ul (v—u)>, Entropy : S :—kBH f In fdvdr
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o Finally, an effectlve and very general fluid equatlon is 111

0 [n (v H>] <E+va)aa|\_|/>_

—n
j} ; for H=1, v, vv., vw.v., ... (i,j,k=x,y,2)

ot
iV ivj

of
_f dv| H ( <
ot
« Aset of scalar, vector or tensor equations can be constructed from this. For example,

without collision terms, for the zero- order moment H=1, we obtain the continuity
equation for particle density, if the collision term is conservative (elastic):

2n +— n, u Idv( j =0 (if no source-sink)
ot c

and for H=v , it gives the fluid equation for momentum transport:

gn u+—~ <VV> -I>_O siv=w+ u(r)
t

0 0

—n,mu+—-|mnuu+m.n, (ww)|=n q (E+uxB)

at ar \ — J

pressure —stress —tensor

and so on. E.g. the equation for kinetic energy (2" order) involves pressure tensor components ,
heat flux (3" order moment) , and the internal and electromagnetic energies. The velocity is usually
decomposed into two parts: macroscopic u and thermal fluctuating w for calculations.



Problem 1) Verify the results: If the kinetic collisionless equation with a viscous friction
force reads:

0

—f(x,v,t)+ivf+aif =0 with a=-yv
ot OX oV

The deterministic solutions are : v
V=Vyexp(—yt), X=X, +—>(1-exp(-yt) ) =
Y
Vv
Vo =vexp( yt), X, =x+—(1-exp(yt))
Y

And the Vlasov Eg. admits the solution:

f=W(x,V,) = (x +~(L-e"') , ve’)
y

But also, the solution can be expressed in terms of other constants of motion, i.e

f=0(c,c,)=O(x +~ , ve')
y



Problem 2) Find (and discuss the results) the “stationary” (time-independent) solution

of :
2f(x,v,t)+iv £ 40 (_d¢(x) szo
ot OX oV dx

Problem 3 ) Solve and discuss the simple equation

o f(x,v,t)+iv f +aif =0
ot OX oV

describing a distribution of particles in a uniform field in the cases:
A) In spatial uniform conditions.

B) Velocity uniform conditions.

C) As a Cauchy (initial value) problem in 1+1 phase-space.

Verify that f is constant along the classical orbit, trajectories, of a particle. Extend this result to 3D+3D
case.

Hint: Apply Jean’s Th.

Note: as a first-order equation in partial derivatives, it can be also solved (formally) by the so-
called Method of characteristic curves.
See http://en.wikipedia.org/wiki/Method of characteristics and references therein



http://en.wikipedia.org/wiki/Method_of_characteristics

For the case of the Vlasov equation of Problem 1) consider the following two
cases and verify thar there is no unique (stationary) solution for large t. Why?

a) Find the time dependent solutions for the following cases , and calculate the

solution limit for large time t.

m m
1) f (X,V,O) = no m exp(—ﬁ(j/x ‘|‘V)2

M0 |om mv°
2)f(x,v,0)=ne 2k exp| ———
)T v.0)=n, 27kT p[ 2kT

b) Calculate the number density n(x,t), mean velocity u(x,t) and average kinetic

energy Ei(x,t) atany time t and for the stationary cases.

Sol. Forcase 1) n(x,t)=n, , u(xt)= —yX,<% mv2> :%kT +%m(;/x)2 — <%m(v—u)2> :%kT

For case 2)

2,2\,2

m B yx

( n
n(x,t) =7°exp(— T 12

with g=€"0and 2% = g2+ - B) :

<%mv2>=ikT LN

207 2

1
, u(x,t)=-yx 7

<%m(v— u)2>

2
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Problem 2) Consider the space 1-D homogeneous distribution governed by :

0 0
Ef(v,t)+aaf =—v(f -1,(v)) ; (a,vare constants)

Where f, is a Maxwellian distribution of zero mean velocity and constant density n, and temperature T,
the acceleration a is constant
Discuss the meaning of each term.

a) Verify that there is a stationary solution f(v). Does this steady state solution depend on the initial
function f(v,0)? ¢what boundary conditions should satisfied f?
b) Find the transient and steady solutions for a=0 and for arbitrary f(v,0).

c) Compute for this solution n(t), u(t) and T(t).
Sol. f(v,t)=f,(v)+(f(v,0)-f,(v))e ">
n(t) =n,1-e ") +n(0)e ™"
u(t) =n(0)u(0)e "' /n(t) and T(t)=..

ENTORNO ESPACIAL 7



\ - ﬁ
er-Planck equation as a more realistic colison term) |

4) Consider the 1D kinetic equation in the convection-diffusion form:

Y__ 92 y—uy-2 __9
o av[”(" 1) aVD}f(v,r)— >

where

e o]

]0 S.ndv=n@), n@u@)= [ vf.1)dv

V=—00

Assuming that j (a density flow), f and its derivative with respecto to v vanish for
large |v

2

a) Discuss the meaning of each term (dealing D and y as contants) in order to consider this
equation as a collision 1-D operator (Fokker-Planck equation).

b) Using integration by parts on both sides of the eq. verify that n(t) =n(0) and u(t) = u(0) are
constant in time and find D to ensure that the temperature 7" is also a constant (collisional
invariant).

c) Assume that a stationary solution in the form

[ )= Cexp(-a(v—u)’)

exits and find it.

c¢) Find a simple extension of this collision term for the 3-D velocity distribution function.

Sol.consider: y=v, and D=KkTv_ /m



Mﬁé.l.ma_tlon to transport: Perturbation method. Exam-
A method to compute the transport coefficients (as plasma conductivities) operates

as follows: by linearizing this Eq. assuming a small deviation f; from the isotropic f,
steady state distribution with homogeneous density n and temperature T :

fe,v,0)= WM+ fi(r,v,0) 5 |fi|< S

Example:Electrical conductivity. Assuming spatially uniform f, T and n, in a non-
magnetized plasma (single species of charge Ze) ina small uniform field E:
( 0 o gE 0 eZE of,

P angfo(V)+f1(V))=0 - a_v = (f, +f,— "), gives f, (if |E f,|>0)

£

ok = J—qnu—Zejvfdv Ze_[vfdv ZGEH ,puesjvfdv_nu_o
mv,

2

2 .2
en Zen,

oc=2° ; Ingeneral : j=> q.nu, = o=

a o o

mVC a a ma VCa

As greater the collision frequency is, the plasma is less conductive (is it real? The collision frequency
rwould be proportional to 1/n jjjij . Really: This conductivity tends to a saturation value for large density n).

The heat flux g would lead to the thermoelectrical coefficient f:

_(1 _(1 _
q—jzmv vfdv—jamv v f,dv=—-pE
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Problem 3) Find (and discuss the results) the “stationary” (time-independent) solution of :

0 0
— (v, t)+—v f+
8tf(xv) afo

0 (_ dg(x)
ov dx

r)-0
Problem 2) Solve and discuss the simple equation

0 0 0
—f(xv,t)+—vf+a—f =0
6tf( ) Ox 4 6vf

describing a distribution of particles in a uniform field in the cases:

A) In spatial uniform conditions.

B) Velocity uniform conditions.

C) As a Cauchy (initial value) problem in 1+1 phase-space.

Verify that f'is constant along the classical orbit of a particle. Extend this result to 3D+3D case.

Hint: See http://en.wikipedia.org/wiki/Method of characteristics and references therein

Nota: como ecuacidn de primer orden en derivadas parciales , puede resolverse (formalemente) pro el
llamado Método de las curvas caracteristicas,.


http://en.wikipedia.org/wiki/Method_of_characteristics

Problem 4) Verify the results: If the kinetic collisionless equation with a viscous friction
force reads:

0 0 0
—f(xv,t)+—vf+a—f =0 with a=-yv
8tf(xv ) 8xvf a@vf 4

The deterministic solutions are :

v=v,exp(-yt), x=x, +7(1 exp(—yt) ) =

Y
v, =vexp( yt), x,=x +;(1 —exp(t) )
And the Vlasov Eq. admits the solution:

f=Y(x,,v,)=Y(x +— (1 e”) L vel)
4

But also, the solution can be expressed in terms of other constants of motion, i.e

f=d(c,c)=D(x +— , vel)
y



a) Find the time dependent solutions for the following cases , and calculate
the solution limit for large time t.

m
D f(x,v,0)= no,/z T ° p[—zk—T(wHV)

~ Mo | m my”
2)f(x,v,0)=ne 7 exp| — ——
0,00 =, 27kT ( 2kT

b) Calculate the number density n(x,?), mean velocity u(x,¢) and average kinetic
energy Ei(x,t) .

1 1,1 I 1
Sol. For case 1) n(x,t)=n, , u(x,t)=—7/x,<5mv2>:5kT+Em(;/x)2—><Em(v_u)2>:5kT

2.2.2 _
mﬂy )a u(x,t):—yxﬁizl

rn(x t) —&exp(
For case 2) ) 2kTA?

with B=€" and 2> = B +(1-B) :4
1L\ 1 1, /1 A1
—mv" ) =— — —m(v—u)" )=—kT
\2 22 2 2 2
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1ino collisional (de Kre

Problem 2) Consider the space 1-D homogeneous distribution governed by :

gf(v,t)+a£f =—v(f—-f,(v)) ; (a,vare constants)
ot ov

Where f,, 1s a Maxwellian distribution of zero mean velocity and constant density n, and temperature 7.
Discuss the meaning of each term.

a) Verify that there is a stationary solution f(v). Does this steady state solution depend on the initial
function f(v,0)? ;what the boundary condition should satisfied f?

b) Find the transient and steady solutions for a=0 and an arbitrary f(v,0).

c) Compute for this solution n(?), u(t) and T(1).
Sol. f(v,1) = £, +(f(»,0)~ f(m)e ™ >
n(t)=n,(1-e ") +n(0)e ™"
u(t) =n(0)u(0)e " /n(t) and T(f)=...
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B Qo ariepyt: Porturtaton method. Examplest [

A method to compute the transport coefficients (as plasma conductivities) operates
as follows: by linearizing this Eq. assuming a small deviation f; from the isotropic f,

steady state distribution :
fev,0) =M+ fie,v,0) 5 |fil< S

Example:Electrical conductivity. Assuming spatially uniform f; 7 and n, in a non-

magnetized plasma (single species of charge Ze) in a small uniform field E: (f1 E es
infinitésimo de orden 2, despreciable).

0 0 qE 0O eZE Of, : :
— 4V —+— v+ f[(v))=0+— L =—vp + fo— 1), gives f, (if |E f,|—>0
(at =L 8V]gfouyfl( ) =0+ 2Ty () 4y fy)gives f; (if [E £ >0
O'E:qunu:ZeJ.Vde:ZeJ.VfIdV:ZeZQE , pueSJ‘VdeV=nu=0
myv,
2 ZZZ
oc=2" en ; Ingeneral:j:annauazaz « ¢ o
ch a a mavca

As greater the collision frequency is, the plasma is less conductive (is it real? The collision frequency
The heat flux q would lead to the thermoelectrical coefficient B3:
1 1
qzjzmv Vdeszmv v f,dv=—pE

13
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4) ConS|der the 1D kinetic equatlon in the convectlon diffusion form:

g__9 _9 __9
= av[ y(v=u) avD}f(vt) ~

where

o0

T S.0dv=n(t), n@u@)= [ v[E.0dv

V=—0o0

Assuming that j (a density flow), f and its derivative with respecto to v vanish for

a) Discuss the meaning of each term (dealing D and y as contants) in order to consider this
equation as a collision 1-D operator (Fokker-Planck equation).

b) Using integration by parts on both sides of the eq. verify that n(t)=n(0) and u(t) = u(0) are
constant in time and find D to ensure that the temperature 7 is also a constant (collisional
invariant).

c) Assume that a stationary solution in the form

[ ()= Cexp(-a(v—u)’)

exits and find it.

c) Find a simple extension of this collision term for the 3-D velocity distribution function.

Sol.tomar: y=v, v D=kTv, Im
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