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Extension: Information given by f and macroscopic magnitudes  
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 The most important macroscopic measurables magnitudes, for each plasma species α, derived 
from the distribution function are averages of  velocity functions H(v)  (usually powers of 
velocity components) in the form:  (Definitions)         α= electrons  e.  ions  i. and neutrals a 
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• And the derived ones (observe that T and energy transport, heat, are measured accounting for 
thermal fluctuationa around fluid velocity u : 
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Moments time evolution
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• Finally, an effective and very general fluid equation  is !!!! 
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• A set of scalar, vector or tensor equations can be constructed from this.  For example, 
without collision terms, for the zero- order moment H=1, we obtain the continuity 
equation for  particle density, if the collision term is conservative (elastic):
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and for H= v , it gives the fluid equation for momentum transport: 
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and so on.  E.g. the equation for kinetic energy (2nd order) involves pressure tensor components ,  
heat flux (3rd order moment) , and the internal and electromagnetic energies. The velocity is usually 
decomposed into two parts: macroscopic u and thermal fluctuating w for calculations. 



Example (verify by simple substitution) 
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Problem 1) Verify the results: If the kinetic collisionless equation with a viscous friction 
force reads: 

The deterministic solutions are : 

And the Vlasov Eq.  admits the solution: 

But also, the solution can be expressed in terms of other constants of motion, i.e

( , , ) 0f x v t v f a f with a v
t x v

γ∂ ∂ ∂
+ + = = −

∂ ∂ ∂

( )

( )

0
0 0

0 0

exp( ) , 1 exp( )

exp( ) , 1 exp( )

vv v t x x t

vv v t x x t

γ γ
γ

γ γ
γ

= − = + − − ⇒

= = + −

( )0 0( , ) ( 1 , )t tvf x v x ve eγ γ

γ
= Ψ = Ψ + −

1 2( , ) ( , )tvf c c x v e γ

γ
= Φ = Φ +



Práctica
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Problem 2)  Find (and discuss the results) the “stationary” (time-independent) solution 
of : 

Problem 3 ) Solve  and discuss the simple equation 

describing a distribution of particles in a uniform field in the cases:
A) In spatial uniform conditions.
B) Velocity uniform conditions.
C) As a Cauchy (initial value) problem in 1+1 phase-space. 

Verify that f is constant along the classical orbit, trajectories, of a particle. Extend this result to 3D+3D 
case.
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Hint:  Apply Jean´s Th. 

Note: as a first-order equation in partial derivatives, it can be also solved (formally) by the so-
called Method of characteristic curves. 

See http://en.wikipedia.org/wiki/Method_of_characteristics and references therein 

http://en.wikipedia.org/wiki/Method_of_characteristics


Práctica
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For the case of the Vlasov equation of  Problem 1) consider the following two
cases and  verify thar there is no unique (stationary) solution for large t. Why? 

a) Find the time dependent solutions for the following cases , and calculate the
solution limit for large time t. 

b) Calculate the number density n(x,t), mean velocity u(x,t) and average kinetic
energy Ei(x,t)  at any time t and for the stationary cases. 
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Practica: Un ejemplo de término collisional (de Krook, BGK) 
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Problem  2)  Consider the space 1-D homogeneous distribution governed by : 

Where f0 is a Maxwellian distribution of zero mean velocity and constant density n0 and temperature T0, 
the acceleration a is constant
Discuss the meaning of each term.  

a) Verify that there is a stationary solution f(v). Does this steady state solution depend on the initial 
function f(v,0)? ¿what  boundary conditions should  satisfied  f?

b) Find the transient and steady solutions for a=0 and for arbitrary  f(v,0).

c) Compute for this solution n(t), u(t) and T(t).
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Problem (a Fokker-Planck equation as a more realistic collison term)
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. : /c cSol consider and D kT mγ ν ν= =



Application to transport: Perturbation method. Example
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A method to compute the transport coefficients (as plasma conductivities) operates
as follows: by linearizing this Eq. assuming a small deviation f1 from the isotropic f0
steady state distribution with homogeneous density n and temperature T :

Example:Electrical conductivity.   Assuming spatially uniform f1, T and n, in a non-
magnetized  plasma  (single species of charge Ze) in a  small uniform field E:
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As greater the collision frequency is, the plasma is less conductive (is it real? The collision frequency
rwould be proportional to 1/n ¡¡¡¡¡ . Really: This conductivity tends to a saturation value for large density n ).
The heat flux q would lead to the thermoelectrical coefficient β:
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Práctica
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Problem 3)  Find (and discuss the results) the “stationary” (time-independent) solution of : 

Problem 2) Solve  and discuss the simple equation 

describing a distribution of particles in a uniform field in the cases:
A) In spatial uniform conditions.
B) Velocity uniform conditions.
C) As a Cauchy (initial value) problem in 1+1 phase-space. 
Verify that f is constant along the classical orbit of a particle. Extend this result to 3D+3D case.

( )( , , ) 0d x
f x v t v f f

t x v dx
φ∂ ∂ ∂  + + − = ∂ ∂ ∂  

( , , ) 0f x v t v f a f
t x v
∂ ∂ ∂

+ + =
∂ ∂ ∂

Hint:  See http://en.wikipedia.org/wiki/Method_of_characteristics and references therein 

Nota: como ecuación de primer orden en derivadas parciales , puede resolverse (formalemente) pro el 
llamado Método de las curvas características,. 

http://en.wikipedia.org/wiki/Method_of_characteristics


Ejemplos
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Problem 4) Verify the results: If the kinetic collisionless equation with a viscous friction 
force reads: 

The deterministic solutions are : 

And the Vlasov Eq.  admits the solution: 

But also, the solution can be expressed in terms of other constants of motion, i.e
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ejemplo
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a) Find the time dependent solutions for the following cases , and calculate
the solution limit for large time t. 

b) Calculate the number density n(x,t), mean velocity u(x,t) and average kinetic
energy Ei(x,t) .
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Un ejemplo de término collisional (de Krook, BGK) 
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Problem 2)  Consider the space 1-D homogeneous distribution governed by : 

Where f0 is a Maxwellian distribution of zero mean velocity and constant density n0 and temperature T0.
Discuss the meaning of each term.  

a) Verify that there is a stationary solution f(v). Does this steady state solution depend on the initial 
function f(v,0)? ¿what  the boundary condition should  satisfied  f?

b) Find the transient and steady solutions for a=0 and an arbitrary  f(v,0).

c) Compute for this solution n(t), u(t) and T(t).
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Application to transport: Perturbation method. Examples
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Example:Electrical conductivity.   Assuming spatially uniform f1, T and n, in a non-
magnetized  plasma  (single species of charge Ze) in a  small uniform field E: (f1 E es
infinitésimo de orden 2, despreciable).

As greater the collision frequency is, the plasma is less conductive (is it real? The collision frequency
rwould be proportional to 1/n ¡¡¡¡¡ . Really: This conductivity tends to a saturation value for large density n ).

The heat flux q would lead to the thermoelectrical coefficient β:

0

2 2

1

2
2

0

:

,

;
c

c

c

pues f d n

Z e
In general q n

m
e nZ

Zeqn Ze f d Ze f d Z

n
m

e
m

D
D D D

D D D D

DV
Q

V
Q

V
Q

= =

= ⇒ ==

= = = = = ³

¦ ¦

³ ³ v v

j u

EE j u v v v v u

( ) 0
0 11 1 0 0 1( ) ( ) 0 (, 0)( )c

f

if ffq eZf v f f f f gives f
t m m

Q∂∂ ∂ ∂ + � + � + + � = − + − ∂ ∂ ∂ ∂
→


E Ev v

r v
E

v




2 2
1

1 1
2 2

mv f d mv f d β= = = −³ ³q v v v v E

A method to compute the transport coefficients (as plasma conductivities) operates
as follows: by linearizing this Eq. assuming a small deviation f1 from the isotropic f0
steady state distribution :
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Problem (a Fokker-Planck equation as a more realistic collison term)
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. : /c cSol tomar y D kT mγ Q Q= =
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